Abstract: In this paper, we have studied the critical point equation (shortly, CPE) within the frame-work of Kenmotsu and almost Kenmotsu manifolds. First, we prove that a complete Kenmotsu metric satisfies the CPE is Einstein and locally isometric to the hyperbolic space H 2n+1 . In case of Kenmotsu manifolds, it is possible to determine the potential function explicitly (locally). We also provide some examples of Kenmotsu and almost Kenmotsu manifolds that satisfies the CPE.
Introduction
A classical problem in differential geometry is to find Riemannian metrics on a given compact manifold that provides constant curvature. In this sense, it is interesting to study the critical points of the total scalar curvature functional S : M −→ R given by S(g) = M r g dv g , defined on a compact orientable Riemannian manifold (M n , g), where M denote the set of all Riemannian metrics on (M n , g) of unit volume, r g the scalar curvature and dv g the volume form (determined by the metric and orientation). The functional S restricted over M is known as the EinsteinHilbert functional and its critical points are the Einstein metrics (for details, see Chapter 2 in [1] ).
From the classical Yamabe problem it follows that there exists many Riemannian metrics on a compact manifold that has constant scalar curvature. Let C = {g ∈ M|r g = constant}. The Euler-Lagrangian equation of HilbertEinstein functional restricted to C on a given compact oriented manifold (M, g) can be written as the following critical point equation (shortly, CPE) where ∆ g , Ric g , and Hessλ are respectively the Laplacian, the Ricci tensor, and the Hessian of the smooth function λ on M. The function λ is known as the potential function. Therefore, from now on, we consider a metric g with a non-trivial potential function λ as a solution of the CPE and is denoted by (g, λ). Using (1.2), one can express the equation ( 
λ.
From which it follows that λ is an eigenfunction of the Laplacian. Since the Laplacian has non-positive spectrum, the scalar curvature must be positive.
A. Besse first conjectured that the solution of the CPE must be Einstein (cf. [1] , p. 128). Since then, we find many literatures regarding the solutions of the CPE. For instance, Yun-Chang-Hwang proved [21] that if (g, λ) is a non-trivial solution of the CPE on an n-dimensional compact Riemannian manifold M and satisfies one of the following conditions (i) Ricci tensor is parallel (ii) curvature tensor is harmonic or (iii) g has vanishing conformal curvature tensor, then (M, g) is isometric to a standard sphere. Extending all these, Barros and Ribeiro Jr [2] proved that the CPE conjecture is also true for half conformally flat. Further in [14] , Hwang proved that the CPE conjecture is valid under certain conditions on the bounds of the potential function λ. Recently, Nato [15] obtained a necessary and sufficient condition on the norm of the gradient of the potential function for a CPE metric to be Einstein.
So far, we see that the attempts have been made to confirm the CPE conjecture satisfying either, some curvature conditions or, some conditions on the potential functions on Riemannian manifolds. However, the CPE has not yet been considered on some other types of Riemannian manifolds, for instance odd-dimensional Riemannian manifolds. Hence it desrves special attention to consider the CPE on certain class of almost contact metric manifolds. In this direction, Ghosh-Patra considered the K-contact metrics that satisfy the critical point equation [8] and proved that the CPE conjecture is true for this class of metrics. This intrigues us to consider the CPE on some other almost contact metrics. Here we characterize the solution of the CPE on certain classes of almost Kenmotsu manifolds. The organization of the paper is as follows. After some preliminaries on Kenmotsu and almost Kenmotsu manifolds in sect. 2, we consider the CPE on Kenmotsu manifolds in sect. 3 and we prove that a complete Kenmotsu metric is Einstein and locally isometric to the hyperbolic space H 2n+1 . Finally, we have studied the CPE within the framework of (κ, µ)
′ -almost Kenmotsu manifold and generalized (κ, µ)-almost Kenmotsu manifold.
Preliminaries
In this section, we recall some basic definitions and formulas on almost Kenmotsu manifold which we shall use in the sequal. A (2n + 1)-dimensional smooth manifold M is said to be an almost contact metric manifold if it admits a (1, 1) tensor field ϕ, a unit vector field ξ (called the Reeb vector field) and a 1-form η such that
for any vector field X on M. A Riemannian metric g is said to be an associated (or compatible) metric if it satisfies
for all vector fields X, Y on M. From (2.1) and (2.2) it is easy to verify that ϕξ = 0, η • ϕ = 0. An almost contact manifold M(ϕ, ξ, η) together with a compatible metric g is known as almost contact metric manifold. On almost contact metric manifolds one can always define a fundamental 2-form Φ by Φ(X, Y ) = g(X, ϕY ) for all vector fields X, Y on M. An almost contact metric structure M(ϕ, ξ, η, g) is said to be contact metric if Φ = dη, and is said to be almost Kenmotsu manifold if dη = 0 and dΦ = 2η∧Φ. Further, an almost contact metric structure is said to be normal
Kenmotsu manifold is said to be a Kenmotsu manifold and the normality condition is given by (∇ X ϕ)Y = g(ϕX, Y )ξ − η(Y )ϕX for all vector fields X, Y on M. On a Kenmotsu manifold [13] :
for all vector fields X, Y on M, where ∇ the operator of covariant differentiation of g, R the curvature tensor of g and Q the Ricci operator associated with the (0, 2) Ricci tensor Ric g given by Ric g (X, Y ) = g(QX, Y ) for all vector fields X, Y on M. In [13] , it is proved that a Kenmotsu manifold M 2n+1 is locally a warped product I × f N 2n , where I is an open interval with coordinate t, f = ce t is the warping function for some positive constant c and N 2n is a Kählerian manifold. A larger class of this manifold is known as (0, β)-Kenmotsu manifold (or simply β-Kenmotsu manifold). An almost contact metric manifold M is said to be trans-Sasakian if there exist two functions α and β on M such that £ ξ ϕ and l = R(., ξ)ξ on M, where R denotes the curvature tensor and £ is the Lie differentiation. These two symmetric tensors of type (1, 1) satisfy
On an almost Kenmotsu manifold the following formula is valid [5, 6] :
) is said to be a generalized (κ, µ)-almost Kenmotsu manifold if ξ belongs to the generalized (κ, µ)-nullity distribution, i.e.,
for all vector fields X, Y on M, where κ, µ are smooth functions on M. ′ -nullity distribution have done by several authors. For more details, we refer the reader to [5, 6, 7, 17, 18] . On generalized (κ, µ) or (κ, µ)
′ -almost Kenmotsu manifold with h = 0, the following relations hold (see [6] )
Let D = ker(η) be the distribution and X ∈ D be an eigenvector of h ′ with eigenvalue σ. It follows from (2.11) that σ 2 = −(κ + 1) and therefore κ ≤ −1 and σ = ± √ −κ − 1. The equality holds if and only if h = 0 (equivalently, h ′ = 0). Thus, h ′ = 0 if and only if κ < −1. We now recall the notion of warped product manifolds for our later use. Let (N, J,g) be an almost Hermitian manifold and consider the warped product M = R × f N with the metric g = g 0 + f 2g , where f is a positive function on R and g 0 is the standard metric on R. define η = dt, ξ = ∂ ∂t and the tensor field ϕ is defined on R × f N by ϕX = JX for any vector field X on N and ϕX = 0 if X is tangent on R. Then it is easy to testify that M admits an almost contact metric structure. An interesting characterization of an almost Kenmotsu manifold through the warped product of a real line and an almost Hermitian manifold is given by the following (see [2] 
Kenmotsu manifold satisfying the CPE
We assume that a Riemannian manifold (M 2n+1 , g) satisfies the the CPE. Then the equation (1.1) can be exhibited as
for any vector field X on M. Now, tracing (1.1) we obtain
. Then the Eq. (3.1) transforms into
for any vector field X on M and f = −r(
). Taking the covariant derivative of (3.2) along an arbitrary vector field Y on M, we get
for any vector field X on M. Applying the preceding equation and (3.2) in the well known expression of the curvature tensor
for any vector fields X, Y on M.
First, we recall the following formula which is valid for any Kenmotsu manifold
for any vector field Y on M. The complete proof of this can be found in [9] .
We now in position to characterize the solution of the CPE within the framwork of Kenmotsu manifold.
) be a complete Kenmotsu manifold. If (g, λ) satisfies the CPE, then g is Einstein and locally isometric to the hyperbolic space H 2n+1 . Further the potential function is locally given by λ = A cosh t + B sinh t, where A, B are constants on M.
Proof: Taking covariant derivative of (2.4) over an arbitrary vector field X on M and using (2.3) we have
Now, substituting ξ by Y in (3.3) and using (2.5), (3.4), (3.5), we obtain
for any vector field X on M. Further, from (2.4), we deduce R(X, ξ)Z = g(X, Z)ξ − η(Z)X. By virtue of this the foregoing equation reduces to
Now, taking g-trace of (3.4) yields ξr = −2(r + 2n(2n + 1)). Since (g, λ) is a solution of the the CPE, the scalar curvature r of g is constant and hence r = −2n(2n + 1). Making use of this in f = −r(
), we deduce f = (2n + 1)λ + 2n and hence Xf = (2n + 1)(Xλ).
(3.8)
Since ∇ ξ ξ = 0 (follows from (2.5)) and ξλ = g(ξ, Dλ), taking into account (2.5) and (3.2), we deduce
Making use of (3.8), the equation ( Then from (3.9) we have ξλ = λ. These two gives λ + 1 = λ, i.e., 1 = 0, which is absurd. Hence QX = −2nX for all vector field X on M and M is Einstein. Then (3.2) can be exhibited as
for all vector field X on M. Applying Tashiro's theorem [16] we conclude that M is isometric to the hyperbolic space H 2n+1 .
Next, we determine the potential function λ. It is known [13] that a Kenmotsu manifold is locally a warped product I × f N 2n , where I is an open interval of the real line, N 2n is a Kähler manifold, f 2 = ce 2t and t is the coordinate of I. Since ξ = ∂ ∂t , it follows from (3.11) that
It's solution can be exhibited as λ = A cosh t+B sinh t, where A, B are constants on M. This completes the proof.
where t is the coordinate on R. We set η = dt, ξ = ∂ ∂t and the tensor field ϕ is defined on R × σ N by ϕX = JX for vector field X on N and ϕX = 0 if X is tangent to R. Then the warped product R × σ N, σ 2 = ce 2t , with the structure (ϕ, ξ, η, g) is a Kenmotsu manifold (see [13] ). In particular, if we take N = CH 2n , then N being Einstein, the Ricci tensor of M becomes S = −2ng. Define λ(t) = ke t , k > 0. Then it is easy to verify that (g, λ) is a solution of the CPE. Similarly, we may also construct many examples that satisfies the CPE by taking different potential functions on the warped product.
Almost Kenmotsu manifold satisfying the CPE
Before proving our main results we now recall some lemmas for our later use.
Lemma 4.1 (Proposition 3.2 of [7] ) Let M 2n+1 (ϕ, ξ, η, g) be an almost Kenmotsu manifold with ξ belonging to the generalized (κ, µ)
′ -nullity distribution and h = 0. Then 
for any vector field X on M. Further, if κ and µ are constants and n ≥ 1, then µ = −2 and hence
3)
for any vector field X on M. In both the cases, the scalar curvature of M is 2n(κ − 2n).
In the similar way, using the Theorem 4.1 of [7] , Wang-Liu [19] also obtained the expression of Ricci operator on almost Kenmotsu manifold when ξ belonging to the generalized (κ, µ)-nullity distribution and h = 0. 
4)
for any vector field X on M. Also, the scalar curvature of M is 2n(κ − 2n). g. Since Qξ = 2nkξ and the scalar curvature is 2n(κ − 2n), we see that k = −1 and hence h ′ = 0. This contradicts the hypothesis h ′ = 0. Thus, any almost Kenmotsu manifold satisfying a nullity condition with h ′ = 0 does not exists.
for any vector field X on M.
Proof: Taking covariant derivative of (2.12) along an arbitrary vector field
Making use of (2.8) we complete the proof.
Next, by using the above lemmas we prove
be a non-trivial solution of the CPE then M 3 is locally isometric to the Riemannian product H 2 (−4) × R, and for n > 1, M is locally isometric to the warped products
Proof: Taking scalar product of the equation (3.3) with ξ and using the value of scalar curvature (from Lemma 3.1) and (2.12) provides
for all vector fields X, Y on M. Now, making use of (4.5) and (2.7) in (4.6), we immediately infer that
for all vector fields X, Y on M. Substituting X by ξ in (4.7)and then recalling (2.7) yields
for any vector field Y on M. On the other hand, replacing X by ξ in the equation (2.10) and then taking the scalar product of the resulting Eq. with Dλ gives
for any vector field Y on M. Combining the last two equations we have
Now, operating the last equation by µh ′ and then recalling the foregoing Eq. provides µ 2 h ′2 Dλ = 4n 2 (κ + 1) 2 (Dλ − (ξλ)ξ). By virtue of (2.1) and (2.11), the last equation transforms into (κ + 1){4n
Hence, the preceding equation reduces to
As κ, µ are constants, we have either 4n 2 (κ+1)+µ 2 = 0, or 4n 2 (κ+1)+µ 2 = 0.
Case I: In this case, we have κ = −1 − µ 2 4n 2 . According to Proposition 4.1 of Dileo and Pastore [6] , µ = −2 and therefore κ = −1 − 1 n 2 . For n = 1, κ = µ = −2 and therefore from Theorem 4.2 of Dileo and Pastore [6] we deduce that M 3 is locally isometric to the Riemannian product H 2 (−4) × R and for n > 1, M is locally isometric to the warped products
Case II: In this case, it follows from (4.9) that Dλ = (ξλ)ξ. Taking covariant derivative of Dλ = (ξλ)ξ along an arbitrary vector field X on M and using (2.1), (2.8), we deduce
Making use of (3.2) in (4.10) it follows that
for any vector field X on M. Comparing this with (4.3) we deduce that {κλ + (ξλ) + (κ + 1)
for any vector field X on M. Now, tracing (4.11) over X and noting that T r h ′ = 0, we have Therefore, operating equation (4.11) by ϕ and taking into account (4.13) we infer that (2nλ + (ξλ) + 2n)ϕh ′ X = 0 for any vector field X on M. Further, the action of ϕ and recalling h ′ = h • ϕ, the last Eq. provides (2nλ + (ξλ) + 2n)h ′ X = 0, (4.14)
for any vector field X on M. By virtue of (4.13), the equation (4.14) reduces
and which is constant. Therefore, from Remark 1.1, it follows that λ = 0 and therefore 2n = 0, a contradiction. This completes the proof.
Using the proof of the last theorem, we can extend the last result for a generalized (κ, µ) ′ −almost Kenmotsu manifold.
be a non-trivial solution of the CPE then g is locally isometric to the warped products
)t , with c, c ′ positive constants.
Proof: From Lemma 4.2, the scalar curvature of M is 2n(κ − 2n). But we know that the Riemannian manifold satisfying the CPE has constant scalar curvature (see Hwang [14] ) and hence κ is also constant. Further, we note that the Lemma 4.4 is also valid here . Therefore, from Lemma 4.1 it follows that (κ + 1)(µ + 2) = 0 . Since κ < −1, we must have µ = −2. Thus, we have proved that the generalized (κ, µ) ′ −almost Kenmotsu manifold reduces to (κ, µ) ′ −almost Kenmotsu manifold. Hence the proof follows from the last theorem.
Theorem 4.2 If M
2n+1 (ϕ, ξ, η, g), n > 1, be a generalized (κ, µ)−almost Kenmotsu manifold with h = 0 then the CPE has no solution on M.
Proof: First, we note that the scalar curvature of M is 2n(κ − 2n) (follows from Lemma 4.3). Since the scalar curvature is constant (see Hwang [14] ), κ is also constant. Therefore, the Lemma 4.4 is also valid here. Further, the equations (4.7), (4.8) are are true in this case. Thus, putting X = ϕX and Y = ϕY in (4.7) and noting that g(R(ϕX, ϕY )Dλ, ξ) = 0 (follows from (2.9)) and hϕ = −ϕh we have
for all vector fields X, Y on M. Making use of (4.4) and hϕ = −ϕh we have (λ + 1)µh 2 ϕ 2 X = 0 for any vector field X on M. Using (2.1), the last equation gives (κ + 1)(λ + 1)µh 2 X = 0 for any vector field X on M. Since h = 0, κ < −1, it follows that (λ + 1)µ = 0.
If λ + 1 = 0, then from Remark 1.1, it follows that λ = 0 and this leads to a contradiction. So, we suppose that λ + 1 = 0 in some open set O of M. Then on O, µ = 0. All our next discussion will be on O. Now, replacing X by ξ in the equation (2.9) and then taking the scalar product of the resulting Eq. with Dλ gives
Moreover, the result (4.8) valid here also and therefore combining foregoing Eq. with (4.8) we have 2n(κ + 1)(Dλ − (ξλ)ξ) + µhDλ = 0.
In this case, last Eq. gives (κ + 1)(Dλ − (ξλ)ξ) = 0. Since h = 0, i.e., κ < −1, the last equation gives Dλ − (ξλ)ξ = 0. Taking covariant derivative of Dλ = (ξλ)ξ along an arbitrary vector field X and using (2.1), (2.8), we deduce ∇ X Dλ = X(ξλ)ξ + (ξλ)(X − η(X)ξ − ϕhX). By virtue of this, Eq. Now, operating (4.15) by ϕ and using (4.17) we get {2(n − 1)(λ + 1) + (ξλ)}ϕh ′ X = 0. Further, recalling h ′ = h • ϕ, hϕ = −ϕh, hξ = 0 and (2.1), the last Eq. gives {2(n − 1)(λ + 1) + (ξλ)}hX = 0,. By vietue of (4.17), the last Eq. transform into {(2n + 1)(2n − κ − 2)λ + 2n(2n − κ − 2) − 2}hX = 0. Since h = 0, the foregoing Eq. shows that {(2n+1)(2n−κ−2)λ+2n(2n−κ− 2) − 2} = 0. This shows that λ is constant. Thus, the Remark 1.1 provides λ = 0 and therefore κ = 2n − 1 n − 2 ≥ 1, which is not possible by hypothesis. This competes the proof.
We shall now construct some examples of almost Kenmotsu manifolds that satisfies the CPE.
Example 4.1 Let (N, J,g) be a strictly almost Kähler Einstein manifold. We set η = dt, ξ = ∂ ∂t and the tensor field ϕ is defined on R × f N by ϕX = JX for vector field X on N and ϕX = 0 if X is tangent to R. Consider a metric g = g 0 + f 2g , where f 2 = ce 2t , g 0 is the Euclidean metric on R and c is a positive constant. Then it is easy to verify (see [5] ) that the warped product R × f N, f 2 = ce 2t , with the structure (ϕ, ξ, η, g) is an almost Kenmotsu manifold. Now, if we take λ = ce t +
2n+1
on M, then it is easy to see that λ is a solution of the CPE.
Remark 4.2 One can construct strictly almost Kähler structure on some product manifold. In fact, Oguro and Sekigawa (see [12] ) constructed a strictly almost Kähler structure on the Riemannian product H 3 × R. By virtue of this it is possible to obtain a 5-dimensional strictly almost Kenmotsu manifold on the warped product R × f 2 (H 3 × R), where f 2 = ce 2t .
Example 4.2 Suppose that (N 2n , J,g) is a Kähler Einstein manifold with S = −2ng. Let f : R → R + be a smooth function defined by f (t) = A sinh t + B cosh t, where A, B are constants, not simultaneously zero. Consider the warped product M = R × f N of dimension 2n + 1 endowed with the metric
Then it follows from [20] (e.g. see Lemma 1.1) that (M 2n+1 , g) is an Einstein manifold. Defining ξ, η and ϕ as in the Example 4.1 it is easy to see that (M, g) admits an almost contact metric structure (ϕ, ξ, η, g). Further, from Lemma 2.1 it is obvious that the manifold M with the almost contact structure is almost Kenmotsu (in particular, β-Kenmotsu). Now if we take λ = A cosh t+ B sinh t+ , then it is straightforward to testify that (g, λ) is a solution of the CPE. Remark 4.3 From these examples, apparently the examples contradict the theorems that we have proved in this section. However, this is not true. Because the warped product manifolds that we have considered in the examples are Einstein while from Remark 4.1 it is obvious that any Einstein almost Kenmotsu manifold satisfying any nullity condition (that we have considered in the Theorems) with h ′ = 0 does not exists.
